We show that recent observations of the compact binary, AM CVn type system, ES Ceti are fully consistent with theoretical predictions of stable mass transfer moderated by angular momentum loss due to gravitational-wave radiation. One of the main predictions of this model (for degenerate donors) is a widening of the binary. The mass transfer rate inferred from the observed rate of change in the orbital frequency is consistent with that inferred from the observed flux using the recent Gaia DR2 parallax.
INTRODUCTION
Ultracompact binaries with orbital periods 20 min are expected to be strong emitters of gravitational waves, and are one of the prime targets for the planned space-based Laser Interferometer Space Antenna (LISA) mission. Many of these binaries will be individually resolvable by LISA Kupfer et al. 2018) ; of the known ultracompact binaries ∼ 16 will be detectable with LISA (socalled verification binaries), most of which are semi-detached white dwarf binaries classified as AM Canum Venaticorum type stars (AM CVns; Kupfer et al. 2018) . These very short period ( 65 minutes) binary systems consist of a white dwarf accreting from a hydrogen-deficient companion star (often another, lower mass, white dwarf) through Roche lobe overflow, and are sometimes referred to as helium cataclysmic variables (see, e.g., Solheim 2010 for a review).
In addition to their gravitational radiation, AM CVns are interesting astrophysical objects for a variety of reasons. The discs in these systems feature all the rich phenomenology of hydrogen-dominated white dwarf accretion discs, making them useful laboratories for studying the effects of composition on accretion physics (see e.g. Coleman et al. 2018) . AM CVns may also be sources of helium novae, type Ia supernovae, and .Ia supernovae (Bildsten et al. 2007) .
As noted by Paczyński (1967) 1 , observations of the orbital evolution of AM CVns can be used to confirm the effects of gravitational radiation. For conservatively mass E-mail: mcoleman@ias.edu (MSBC) transferring systems (where the total mass is conserved) with a sufficiently degenerate donor, emission of gravitational radiation causes the orbit to widen rather than shrink. We refer to this effect as gravitational-wave-moderated accretion. In order to test this model, orbital evolution (i.e. a period derivative) must be detected in a system. To date, only one AM CVn with an accretion disc has a detected positive period derivative: ES Ceti (de Miguel et al. 2018) .
Here, we focus on the orbital evolution of AM CVns as a means to infer their emission of gravitational waves. In section 2 we derive and discuss our model for orbital evolution of gravitational-wave-moderated mass transferring binaries, some of which is a review of Paczyński (1967) and more recently Marsh et al. (2004) . In section 3 we apply this model to the system ES Ceti. We discuss the implications of our results in section 4, and summarise our conclusions in section 5.
MODEL
We consider a (semi-detached) mass transferring binary system with an accretor mass of M a and a donor mass of M d , with a mass ratio of q ≡ M d /M a . We adopt the following assumptions:
(ii) The donor fills its Roche lobe, i.e., its radius R d equals the Roche radius R L .
(iii) Gravitational waves are the only angular momentum sink in the system. We work with the following approximation for the Roche radius R L :
which is accurate to 2% for 0 < q < 0.3 (Kopal 1959; Paczyński 1967) . In Eqn.
(1), we defined η ≡ 2/3 4/3 ≈ 0.46 andq ≡ q/(1 + q) to simplify further expressions. Using Newton's form of Kepler's third law, the period P of the binary orbit is
We plug in Eqn.
(1) for the term in brackets, and use the assumption that the donor exactly fills its Roche lobe (R L = R d ), to write the period in terms of the mass and radius of the donor
This tells us that the orbital period is closely related to the dynamical time of the donor star. At first sight, it might appear surprising that the dependence on q falls out; this is due to our choice of the approximation in Eqn. 1 over that of Eggleton (1983) ; the latter would lead to a weak q dependence in Eqn. (3).
To make further progress, we take the mass-radius relation of the donor to be a power law
where R 0 , M 0 , and γ are arbitrary constants, which we additionally assume to vary only negligibly with time, if at all. If we define the characteristic timescale
we can express the period P as
Turning Eqn. (6) around, we can infer the donor's mass from the orbital period of the binary:
The period-derivative, P, is
where we used the assumption of conservative mass transfer to obtain the last equation. Next, we consider the evolution of the angular momentum of the binary. The spin-angular momenta of the donor and accretor are much lower than the orbital angular momentum of the system for all relevant values of the massratio q (even if the stars are tidally synchronized), and hence to a good approximation, the total angular momentum (and its evolution) is dominated by the orbital angular momentum:
We use Eqn.
(1) and the assumption that the donor fills its Roche-lobe to write the semi-major axis a in terms of the donor radius R d . We then use the assumption of conservative mass transfer along with the mass-radius relation of Eqn. (4) and express the time evolution of the angular momentum as
Under our assumption that the angular momentum losses from the orbit are due to gravitational radiation 2
Combining Eqns. (10) and (11), we can directly relate the orbital period to the mass transfer rate of the binary
where the function f is
For a given/assumed γ, this result in combination with Eqns. 8 and 7 can be used to infer the coefficient 3 of the mass radius relation of the donor:
Feeding this back into our previous calculations, we can reduce them to a final system of four equations:
Of the quantities on the right-hand side of the above equations, the period P, and the period derivative P are observable, while the exponent γ can be determined by stellar modeling of the donor, leaving one free parameter: the massratio q. Without further observational guidance, testing this model would involve comparing the predicted accretion rate M, for a range of plausible values of q, to the value inferred 2 This may only be a valid approximation for AM CVns with accretion discs due to the more complicated angular momentum flux associated with direct accretion (see e.g. Verbunt & Rappaport 1988) . 3 M 0 and R 0 are not independent degrees of freedom; the quantity
is a single degree of freedom.
from optical observations. If there is additional spectral information about the system, it becomes possible to use some velocities to further constrain the parameter space. We now outline how this can be done. The radius of the outer disk edge can be approximated as (Warner 2003 )
Assuming a Keplerian velocity profile, the orbital velocity of the outer disk edge is
where we used Eqns. 2 and 16 to obtain the right hand side. The semi-major axis of the accretor's orbit about the centre of mass is
making the orbital velocity of the accretor
Any observational inference of v de or v a (e.g. via phaseresolved spectroscopy) will likely depend on inclination (as well as γ), however their ratio,
does not. Therefore it is possible to observationally determine the mass-ratio. Once q is determined, the inclination can also be inferred by comparing the observed line-of-sight projected velocities (v de,obs , v a,obs ) to the model velocities
APPLICATION TO ES CETI
We shall now see how well the AM CVn system ES Ceti conforms to the model of Section 2. Here are the relevant observables:
• Orbital period: P = 620.211685(3) s (Espaillat et al. 2005; Copperwheat et al. 2011) • Period change:
× 10 −10 erg s −1 cm −2 (Espaillat et al. 2005) 4 • Parallax: = 0.60 ± 0.1 mas (Gaia Collaboration et al.
2018)
• Phase-resolved spectroscopy (B akowska & Marsh 2018) We note that both the detection of the period change ( P) and the parallax ( ) are both recent observations. In fact before the release of Gaia DR2 5 , all inferences of M for ES Ceti assumed a distance of d = 350 pc. With the measurement of the Gaia parallax it is clear that d = 1.7 ± 0.3 kpc.
4 Espaillat et al. (2005) state this flux as a luminosity scaled to a distance of 300 pc. 5 Kupfer et al. (2018) were first to note the updated Gaia parallax for ES Ceti. Assuming that all the gravitational binding energy from all accreted material gets converted to photons then
where F −9 is the flux scaled by 10 −9 cgs units, and the following mass radius relation for the primary is used:
This assumed mass radius relation is a power law fit to the Camisassa et al. (2017) results for a hydrogen-deficient white dwarf with T c = 3 × 10 7 K, and 0.55 < M a /M < 0.95. This central temperature is based on the Bildsten et al. (2006) AM CVn accretor cooling track with an age roughly equal to P/ P = 6.14 Myr.
By plugging in the observed values of P and P into the equations in Section 2 we get:
where f (q, γ) is defined in Eqn. 13 and the stated uncertainty primarily comes from the uncertainty in the measurement of P. We plot these equation for γ = −0.3 (consistent with a low mass white dwarf donor Deloye & Bildsten 2003) in Fig. 1 . We note that the recovered M d ≈ 0.08M , R d ≈ 0.03R are consistent with the white dwarf donor models derived by Deloye & Bildsten (2003) for a central temperature of ∼ 10 7 K. The functional form of Eqn. 27 and f (q, γ) admit a maximum possible accretion rate for each choice of γ 1/3, which can be determined by solving ∂ M/∂q = 0. The analytic expression for the general M max (γ) is both tedious to write and unilluminating so we only state the value for our fiducial γ:
While 1.1 M/10 −8 M yr −1 1.8 is lower than the coefficient listed in Eqn. 25 it is still consistent with the observational data. To show this we plot the accretion rate for F obs − 2σ F = 1 × 10 −8 erg s −1 cm −2 , obs + 2σ = 0.8 mas in Fig. 1 (grey curve in top panel) , where σ F and σ are the reported errors in the observed flux (F obs ) and parallax ( obs ) respectively. Over a range of values of the mass-ratio q, the values of M predicted by the gravitational-wave-moderated accretion model are consistent with those inferred from optical observations.
We can make further progress by using the B akowska & Mass Transfer Rate (M /yr)
ES Ceti
High state Outbursting Low state Figure 2 . Limiting mass transfer rates for disc instability within AM CVn accretion discs as a function of orbital period. Solid black lines are limiting transfer rates from Coleman et al. (2018) , assuming a local instability must occur between the outer disc edge and 4R a , for M a = 1M (see Eqn. 26 ). This choice of 4R a is ad hoc and chosen to based on the observations. The data for several observed AM CVn with observationally inferred mass transfer rates is also plotted (see Table 1 ). The colouring of these points corresponds to the observed state of the AM CVns with persistent high state systems in yellow, outbursting systems in magenta, and persistent low state systems in dark-purple. We also show ES Ceti's inferred accretion rate prior to the Gaia parallax measurement (grey point).
Marsh (2018) HeII 5411Å observations. We use their images of phase resolved spectra to crudely estimate the velocities of the disk-edge and the accretor as 
The full data in B akowska & Marsh (2018) was not available and hence we cannot securely assign errors to these estimates. Utilising Eqn. 23 we can estimate the mass ratio of ES Ceti:
The dotted-dashed vertical line in Fig. 1 marks this value of the mass-ratio. We note that all other parameters take very reasonable values for this value of the mass-ratio. Additionally, using Eqn. 24, we infer (assuming γ = −0.3) an inclination of i ≈ 60
• .
DISCUSSION
AM CVns exhibit similar accretion disc variability phenomenology of hydrogen-dominated accretion discs around Table 1 . Observed accretion rate and period of AM CVns. P orb is the orbital period of the binary, M low and M high are the lower and upper bounds on the mass transfer rate respectively. M is the estimated mass transfer rate; values denoted by an asterisk are simply taken to be the geometric mean of the upper and lower bounds. The source R+18 is Ramsay et al. (2018) .
white dwarfs (i.e. cataclysmic variables), including persistent and outbursting systems, superhumps, quasiperiodic oscillations (QPOs), and broadband noise (e.g. Ramsay et al. 2012; Campbell et al. 2015; Kupfer et al. 2015; Levitan et al. 2015; Coleman et al. 2018) . The outbursting systems are generally dominated by superoutbursts, although normal outbursts have also been observed (Levitan et al. 2011 ). In the past, changes in measured distances to accreting white dwarfs have changed the predicted activity of the accretion disc; in the historical case of the dwarf nova SS Cygni, the change in measured parallax caused the inferred accretion rate to cross the theoretical critical value for disc instabilities. With the current accepted measurement placing SS Cygni in the outbursting parameter space consistent with its observed accretion disc outbursts (see e.g. Schreiber & Lasota 2007; Miller-Jones et al. 2013; Nelan & Bond 2013) . While the inferred accretion rate for ES Ceti is increased by an order of magnitude, this change does not cross the critical values determined by Coleman et al. (2018) (see Fig. 2 ), maintaining consistency with the lack of observed outbursts in ES Ceti. This new accretion rate also makes the relation between P and M in observed AM CVns more consistent with that of a power-law (see Table 1 and Fig. 2 ).
The new inferred accretion rate is on the high side, but still consistent with our model. As the Gaia parallax becomes more precise it may become necessary to consider additional sources of orbital angular momentum losses (e.g. spin-up of the accretor) or mass-loss (e.g. accretion disc winds). We also suggest that the spectral data on ES Ceti be reanalysed with the knowledge of the Gaia parallax, as this may result in a more precise and accurate determination of the accretion rate.
One could ask the question why can this exercise only be done with ES Ceti? In short because ES Ceti is the shortest period AM CVn with an accretion disc. The expectation is that P/ P is shorter for tighter systems, making P easier to measure. Additionally, having an accretion disc means that a higher fraction of the accretion luminosity is emitted in optical light, making the observations accessible to amateur astronomers whose data were instrumental in measuring the P of ES Ceti. Accordingly, ES Ceti is the first AM CVn that is expected to have the requisite measurements.
ES Ceti is also a verification binary for LISA with a potential signal-to-noise ratio (SNR) of 154±2 after 4 years of observations (Kupfer et al. 2018) . We now estimate whether LISA can, over this timescale, detect the period derivative due to the orbital evolution of ES Ceti.
In the high SNR limit, the minimum detectable frequency-derivative ( f ) would enhance the matchedfiltering SNR 2 by unity 6 . Alternatively, matched-filtering with templates without f would cause us to lose one unit of SNR 2 . Writing down the matched-filtering integral in the time domain, we get
where δ f is the minimum detectable gravitational wave frequency derivative, and t is the cumulative observing time.
The solution for δ f is δ f = 4 √ 10 SNR × t 2 = 1.63 × 10 −10 Hz yr −1 SNR 154
This can also be stated in terms of a minimum detectable orbital period change (δ P), as follows:
where the factor of two is due to the relationship between the gravitational-wave and the orbital frequencies. Comparison with the measured value of P = 3.2 × 10 −12 (de Miguel et al. 2018) indicates that the widening of ES Ceti will be detectable by LISA.
We can also predict the gravitational wave amplitude of ES Ceti: 
In the first equation, M is the chirp-mass of the binary, defined as M = M d /(q 2 (q + 1)) 1/5 . In Eqn. (43) above, we have assumed a value of γ = −0.3, utilised the observed parallax and have propagated the errors on (which dominate the uncertainty). This value is slightly lower than the strain Kupfer et al. (2018) predict for ES Ceti, but consistent to within 2σ for all reasonable values of q. Hence, Eqn. 43 suggests that the amplitude measured by LISA can be used to constrain the mass ratio of ES Ceti.
Note that the gravitational waveform does not evolve in the standard manner expected for point masses evolving purely due to GW emission ( f ∼ M 5/3 f 11/3 ); in fact the signal slowly reduces in frequency over time.
CONCLUSIONS
The new Gaia parallax brings ES Ceti into better agreement with the model of gravitational-wave-moderated accretion, due to the increase in inferred accretion rate. With this measurement taken into account we find the observed orbital the frequency at the midpoint of the interval, and looking at the real part of the overlap.
period, period derivative, and mass accretion rate are constant with our model. This model assumes the mass transfer is conservative (i.e. no mass is lost from the system) and that the only change of orbital angular momentum comes from the emission of gravitational radiation. Additionally, we assumed the mass radius relation of the accreting white dwarf is given by Eqn. 26. This work finally confirms the theory of gravitational-wave-regulated accretion proposed by Paczyński (1967) .
